We use the IR fixed point predictions for gauge couplings and the top Yukawa coupling in the MSSM extended with vectorlike families to infer the scale of vectorlike matter and superpartners.
I. INTRODUCTION
The gauge structure of the standard model (SM), its matter content and values of parameters might contain important clues for new physics. In extensions of the SM some of its attributes might not be just possible choices but rather unique and some of the couplings might be related to others. The well known examples are supersymmetric (SUSY) grand unified theories (GUTs) that provide an understanding of many aspects of the SM and also lead to a successful prediction for one of the gauge couplings from a unified gauge coupling at a high scale in addition to keeping the hierarchy between the GUT scale and the electroweak (EW) scale stable [1] .
Another interesting possibility is that the values of gauge couplings are an inevitable consequence of the particle content of the theory depending very little on their boundary conditions at a high scale. This occurs in models with asymptotically divergent couplings.
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Starting with large couplings at a high scale, in the renormalization group (RG) evolution to lower energies, couplings are driven to fixed ratios depending only on the particle content of the theory. For example, the measured value of sin 2 θ W was used to guess the number of families (8 to 10 chiral families) in the SM [3, 4] before the number of chiral families and values of gauge couplings were tightly constrained. Very good agreement between the measured value of sin 2 θ W and the infrared (IR) fixed point prediction of the MSSM extended with one complete vectorlike family (VF) was noticed in Ref. [5] , see also recent Ref. [6] .
Similarly, if the additional particle content appears above the EW scale, the discrepancies between the values of gauge couplings predicted from closeness to the IR fixed point and corresponding observed values can be used to infer the mass scale of new physics, as was done for example in the SM extended by 3 complete VFs [7, 8] .
In this paper, we explore the robustness of predictions for gauge couplings in the MSSM extended with vectorlike families and use it to infer the scale of vectorlike matter and superpartners (and the GUT scale) from the simultaneous fit to measured values of gauge couplings assuming a unified gauge coupling at the GUT scale. We quote results for several extensions of the MSSM and present results in detail for the MSSM extended with one complete vectorlike family (MSSM+1VF). We consider scenarios with a common mass scale for vectorlike matter (or superpartners) at low energies and also scenarios where vectorlike masses (or superpartners) originate from a universal mass parameter at the GUT scale.
To see the effect of different assumptions for vectorlike masses and superpartners we use 3-loop RG equations for gauge couplings that we customize to reflect 2-loop thresholds corresponding to individual particles in a given model.
In addition, we investigate whether the top quark mass or its Yukawa coupling can also be understood from the IR fixed point behavior in these models. The top Yukawa coupling in the SM is not far from the stable IR fixed point of the RG equation determined by low energy values of gauge couplings [9] . However, in the SM or in the MSSM (if the top quark mass is below the IR fixed point which depends on tan β), the IR fixed point behavior is not very effective; the top Yukawa coupling approaches the fixed point very slowly. On the other hand, in models with asymptotically divergent couplings, the top quark Yukawa coupling approaches the IR fixed point very fast as a result of large gauge couplings over the whole energy interval, no matter if the GUT scale boundary condition is far above or far below the fixed point [7] . Another difference from the SM or the MSSM is that vectorlike quarks can also have large Yukawa couplings to the up-type Higgs doublet that affect the RG flow of the top Yukawa coupling and thus the IR fixed point prediction. We consider scenarios with no additional Yukawa couplings, one and two additional large Yukawa couplings. We assume a universal boundary condition for all Yukawas but also discuss the variation of predictions when departing from the universality assumption.
Among our main results is the finding that for any unified gauge coupling, α G , larger than 0.3 vectorlike matter or superpartners are expected within 1. [12] [13] [14] [15] [16] , and electroweak symmetry breaking and the Higgs mass [17] [18] [19] . In addition, vectorlike fermions, not necessarily coming in complete GUT multiplets or accompanied by SUSY, are often introduced on purely phenomenological grounds to explain various anomalies. Examples include discrepancies in precision Z-pole observables [20] [21] [22] [23] , and the muon g-2 anomaly [24, 25] .
This paper is organized as follows. In Sec. II, we study the IR fixed point predictions for gauge couplings and consequences for the spectrum of vectorlike matter and superpartners. In Sec. III, we study the IR fixed point prediction for the top Yukawa coupling. We summarize and discuss results in Sec. IV. The 3-loop RG equations for gauge couplings that include 2-loop threshold effects from superpartners and vectorlike matter together with two loop equations for Yukawa couplings and vertorlike masses are presented in the Appendix. 2 The motivation for the scale of superpartners and vectorlike matter is based completely on the measured values of gauge couplings and the top quark mass and does not take into account any biases related to naturalness of EW symmetry breaking. Not assuming any specific SUSY breaking/mediation model, the scenarios we consider are sufficiently complex that none of the model parameters need to be selected precisely in order to obtain the required hierarchy between the EW scale and masses of superpartners [10, 11] .
II. GAUGE COUPLINGS
The renormalization group (RG) evolution for the gauge couplings of
Y is determined by the first-order differential equations,
where α i = g 2 i /4π and t = ln Q/Q 0 with Q representing the energy scale at which gauge couplings are evaluated. At one-loop level, the β functions are simple,
where the coefficients b i depend on the particle content of the theory. We will consider extensions of the MSSM with vectorlike matter in 5 and 10 dimensional representations of SU (5), or 16 of SO (10) . We will use n 5 and n 10 to count the number of pairs of additional multiplets, i.e. (5 ⊕5) and (10 ⊕10). For complete pairs of vectorlike families (VF), when n 5 = n 10 , we define n 16 ≡ n 5 = n 10 . In this convention, the one-loop β-function coefficients are b i = (33/5, 1, −3) + n 5 (1, 1, 1) + 3n 10 (1, 1, 1).
The MSSM beta functions are recovered for n 5 = n 10 = 0 and for our main example, the MSSM extended by 1 complete vectorlike family, n 16 = 1, we have b i = (53/5, 5, 1). Note that at one loop the beta functions for n 16 = 1 and n 5 = 4 are identical and these choices represent the minimal matter content for which all three gauge couplings are asymptotically divergent.
The evolution of gauge couplings in the SM, the MSSM and an example of the evolution in the MSSM+1VF are shown in Fig. 1 
where we assume the SU (5) normalization of the hypercharge, α ≡ (3/5)α 1 . We fix the top quark mass to 173.1 GeV, and, for the moment, we assume tan β = 10 and neglect all other Yukawa couplings. In addition, for the evolution in the MSSM, all superpartner masses are The RG evolution shows the well known fact that the gauge couplings approximately unify at
GeV. The example of the RG evolution of gauge couplings in the MSSM+1VF starts with a unified gauge coupling α G = 0.3 at the same M G . The full particle content is assumed all the way to the EW scale.
The similarities and differences of the evolution of gauge couplings in these models can be qualitatively understood from the solution of the one-loop RG equations,
It is well known that adding complete SU(5) multiplets at a common scale does not change the scale of unification, M G , at one-loop, since all three beta function coefficients increase by the same amount, see Eq. (3). However, the unified coupling α G increases with additional matter content. With increasing the number of vectorlike families, the couplings can become non-perturbative and reach the Landau pole before they meet. Further increase of the number of families lowers the energy scale at which the Landau pole occurs.
This behavior of gauge couplings allows us to consider models with a large (but still perturbative) unified gauge coupling at a high scale, higher than the scale at which the Landau pole would occur if the VFs were at the EW scale, and use the measured values of gauge couplings to determine the mass scale of VFs. This approach was used for standard model extensions with vectorlike families [7, 8] . In the example given in Fig. 1 , we see that the crossing of the evolution of gauge couplings in the MSSM+1VF and the MSSM or the SM indicates the scale of the vectorlike family, 1 TeV, required to reproduce the measured values of all three gauge couplings.
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One of the most attractive features of these models is that, in the RG evolution to lower energies, the gauge couplings run to the (trivial) IR fixed point. Thus, at lower energies, the values of the gauge couplings are determined only by the particle content of the theory and how far from the GUT scale we measure them. The first term in Eq. (5) 
A. IR fixed point predictions for gauge couplings
Let us neglect masses of VF for the moment and focus on the IR fixed point predictions for the ratios of gauge couplings. From Eq. (5), it can be seen that for sufficiently large (but still perturbative) α G the first term will be the dominating factor far away from the GUT scale and the ratios between couplings at the EW scale (or any other scale far from the GUT scale) can be understood in terms of their beta function coefficients,
Thus, these EW scale predictions are independent of any GUT scale parameter. For example, this relation between couplings can be used to obtain a prediction for the Weinberg angle,
where b = (5/3)b 1 . For the MSSM+1VF, this gives sin 2 θ W 0.2205 which is within 5% of its observed value. The virtue of this prediction can be seen in Fig. 2 where we show the RG evolution of sin 2 θ W in the MSSM (a) and in the MSSM+1VF (b). In the MSSM, the predicted value of sin 2 θ W crucially depends on the GUT scale and it varies significantly with changes in α G . In contrast, for the MSSM+1VF we see that sin 2 θ W has essentially the same value in a huge range of the energy scale, away from the GUT scale, and is almost unchanged (7) and (8 Table I .
We can gain some indication of the decoupling scale for vectorlike matter if we compare the running of this parameter with that in the SM and the MSSM at low energies. In the inset of Fig. 2 (b), we can see that the crossing of the evolution of sin 2 θ W in the SM and
in the MSSM+1VF appears around 3 TeV. Assuming comparable masses for superpartners and vectorlike fields, in order to obtain the correct value of sin 2 θ W (M Z ), all the extra matter must be decoupled near this scale. For lighter superpartners, the evolution of sin 2 θ W in the MSSM (dashed lines) crosses the evolution of sin 2 θ W in the MSSM+1VF at higher energies.
However, for any α G > 0.3 and superpartners above 1 TeV the indicated common scale for vectorlike matter is below 20 TeV. We will explore the needed scale for superpartners and vectorlike matter in more detail in the following subsection.
Another parameter free prediction of the model can be obtained for the ratio α 3 /α EM by combining Eqs. (4), (6) , and (7). At the one-loop level, far below the GUT scale we have
We can obtain similar one-loop predictions as for sin 2 θ W based purely on group theoretical factors and particle content. These, together with 3-loop predictions, are summarized in Table I for various extensions of the MSSM with vectorlike families. The 1-loop prediction is typically not a very good approximation, especially for n 5 = 4 and n 16 = 1 cases, since the beta-function coefficient b 3 is small and thus 2-loop effects are large. With increasing the numbers of families the one-loop predictions are getting closer to three-loop predictions.
The observed value, α 3 /α EM (M Z ) = 15.14, is far from any of the predictions. However, as we can see from Table I .
The RG evolution of α 3 /α EM in the MSSM+1VF is shown in Fig. 3 . We see that higher loop effects are indeed more important in this case and, also due to small b 3 , the α 3 /α EM is approaching the IR fixed point prediction much slower compared to the sin 2 θ W .
Nevertheless, the insensitivity of the prediction to both the GUT scale and α G far below the GUT scale is still significant. There is again no visible difference between 2-loop and 3-loop results. From the crossing of the evolutions of this parameter in the MSSM+1VF and in the SM we see that a common scale of superpartners and vectorlike fields should be around 2
TeV. For lighter superpartners, the evolution of α 3 /α EM in the MSSM (dashed lines) crosses the evolution of α 3 /α EM in the MSSM+1VF at higher energies. Thus, for any α G > 0. Table I ). For top soft trilinear coupling A t −M SU SY , the spectrum is consistent with the measured value of the Higgs boson mass.
A similar plot, but assuming universal soft SUSY breaking mass parameters at the GUT scale, M SU SY,0 ≡ M 1/2 = m 0 = 9 TeV, is given in Fig. 5(a) . In this case, superpartner masses are determined from 2-loop RG evolution and they stop contributing to the running of the gauge couplings at their corresponding scales, see the Appendix for the RG equations including two loop threshold effects. The spectrum of superpartners obtained from M SU SY,0 = 9
TeV is shown in Fig. 5(b) . It satisfies limits from direct searches (M SU SY,0 = 9 TeV is motivated mainly by the limits on the gluino mass) and is consistent with the measured value is the closeness of M 1 and M 2 at low energies. Thus, a small departure from the universality assumption at the GUT scale can lead to Wino being the lightest supersymmetric particle. Fig. 6(a) . Other parameters are the same as in Fig. 4(a) . Comparing the two plots we see that threshold Finally, we study the sensitivity of the above results with respect to M SU SY . For α G = 0.3 and M G corresponding to the best fit in Fig. 4(a) , we present the predicted values of gauge couplings as functions of M V F and M SU SY (common masses at low energies) in Fig. 7 . We see that either superpartners or the vectorlike quarks and leptons are expected within 1.7 TeV (2.5 TeV) based on all three gauge couplings being simultaneously within 1.5% (5%) from The second complication is that, in the MSSM+1VF, there can be up to two additional large Yukawa couplings of H u to vectorlike quarks (in the basis where Yukawa couplings to 
If the boundary condition for y t at the GUT scale is above the IR fixed point, the positive contribution from y t itself dominates the RG evolution and drives y t down while, for the boundary condition below the IR fixed point, the negative contribution from the gauge couplings dominates and drives y t up [9] . However, in the SM or in the MSSM (if the top quark mass is below the IR fixed point which depends on tan β), the IR fixed point behavior is not very effective. Although the top quark mass happens to be near the predicted IR fixed point, the boundary condition for y t at the GUT scale is already close to the IR fixed point in both models because the gauge couplings (including α 3 ) are small in most of the energy interval between the GUT scale and the EW scale.
However, the IR fixed point behavior for y t is very effective in models with asymptotically divergent couplings because of large gauge couplings (especially α 3 ) over the whole energy interval [7] . This occurs no matter if the GUT scale boundary condition is far above or far below the IR fixed point. Thus, these models typically have a very sharp prediction for y t at the EW scale. If the extra matter has significant Yukawa couplings to H u the prediction broadens since the large Yukawa couplings in the model share the IR fixed point value as can be seen from Eq. (10) . Given that the number and size of Yukawa couplings of vectorlike matter is not known, we will consider scenarios with no additional Yukawa couplings, one and two additional large Yukawa couplings. We will assume a universal boundary condition for all the Yukawas but also discuss the variation of predictions when departing from the universality assumption.
In Fig. 8(a) , we show the RG evolution of y t in the MSSM+1VF for α G = 0. To gain an indication of the optimal scale of vectorlike matter and superpartners we also plot the evolution of y t in the two Higgs doublet model obtained from the measured value of the top quark mass for tan β = 1, 2 and 50 assuming that all Higgs bosons except the SM-like one are heavy (gray dashed lines and shaded region at low energies). The coupling is extracted from the equation m t = y t v sin β with v = 174 GeV and appropriate corrections from converting the pole mass to the running mass [27] . For tan β = 1, we also plot the RG evolution assuming that all Higgs bosons are at the EW scale (gray dotted line). The masses of other Higgs bosons dramatically affect the RG evolution of y t for tan β = 1 while for tan β > 2 they play only a minor role. A similar line for tan β = 2 would be just slightly above the line shown and for tan β = 50 the lines would be on top of each other and thus we do not show them. Note also that a line for tan β = 10 would not be visibly distinguishable from tan β = 50 and thus the whole shaded range effectively corresponds to the variation of tan β between 2 and 10.
From the figure we see that obtaining the top quark mass from the IR fixed point in if vectorlike masses are not diagonal and the top quark is a mixture of a state with large Yukawa coupling and another one with no Yukawa coupling. In this case a larger Yukawa coupling than naively inferred from the top quark mass is required [19] .
Similar comments apply to the case with one additional Yukawa coupling which also seems to be excluded by the Higgs mass. 5 However, the case with two additional Yukawa couplings points to a multi-TeV scale for superpartners and vectorlike matter which is not only phenomenologically viable but also simultaneously favored by understanding the values of the gauge couplings. Thus, in what follows, we will focus on this scenario.
In Fig. 8(b) , we show the impact of integrating out superpartners and vectorlike matter on the IR predictions of y t in the case with two additional Yukawa couplings. We set The need to integrate out the vectorlike matter at a slightly different scale depending on α G results in an extra focusing effect at low energies visible in the inset of Fig. 8(b) . The Table III that also contains similar variations of predictions for Y 0 = 1, 2 depending on α G (not shown in Fig. 8(b) ), the scale of vectorlike matter for all the cases, the tan β required for M t = 173.1 GeV and prediction for M t for tan β = 2 − 50.
We see that, assuming universal Yukawa couplings leads to a sharp prediction for y t (m t ) that can be translated into a sharp prediction for tan β. The boundary conditions for α G and Y 0 are almost irrelevant.
Breaking the universality in large Yukawa couplings expands the region of predicted tan β.
In Fig. 9 we show the RG evolution of y t in the MSSM+1VF with the boundary condition at M G varied between 2 and 4 for α G = 0.3 and fixed
highlight shows the range where vectorlike matter is integrated out to obtain the correct α 3 (M Z ) with the left edge corresponding to y t (M G ) = 4 and the right edge to y t (M G ) = 2.
The numerical values that correspond to Fig. 9 are summarized in Table IV . We see that the correct top quark mass can be obtained for any tan β > 3. Although a very sharp prediction is lost, high insensitivity to all boundary conditions remains. Numerical entries correspond to Fig. 9 .
IV. CONCLUSIONS
We explored extensions of the MSSM with vectorlike families that feature asymptotically divergent gauge couplings. In these models, predictions for gauge and large Yukawa couplings are highly insensitive to boundary conditions at a high scale. We used these predictions to understood as a consequence of the particle content of the model.
where the group theoretical coefficients b l , b lk , and b ljk can be extracted from [28] , [29] , [30] , and [13] . Following the procedure described above, we obtain the beta function coefficients with thresholds corresponding to individual particles: 
The matrix appearing in the 2-loop contribution from Yukawa couplings is given by 
